We consider a seasonal mean-reverting model for energy commodity prices with jumps and Heston-type stochastic volatility, as well as three nested models for comparison. By exploiting the affine form of the log-spot models, we develop a general valuation framework for futures and discrete arithmetic Asian options. We investigate five major petroleum commodities from the European market (Brent crude oil, gasoil) and US market (light sweet crude oil, gasoline, heating oil) and analyze the effects of the competing fitted stochastic spot models in futures pricing, Asian options pricing and hedging. We find evidence that price jumps and stochastic volatility are important features of the petroleum price dynamics.
Introduction
Understanding the stochastic process governing the energy price is essential, owing to the indispensable role of hydrocarbons in the world economy and the response of macroeconomic aggregates to oil price shocks. Concerns about the security of energy supply and the influence of geopolitical events and global economic activity on petroleum prices create the need for reliable and efficient tools to price energy-related securities and projects.
Energy commodities are predominantly different from conventional financial assets such as equity and fixed-income securities and, due to intricate price formation mechanisms, traditional modelling techniques are not directly applicable. For example, seasonal effects arise naturally from periodic supply and demand patterns 1 and have been successfully modelled by several authors including Routledge et al. (2000) and Borovkova and Geman (2006) . In addition, commodity prices mean-revert to the marginal cost of production; relevant theoretical arguments and empirical evidence have been put forward by Bessembinder et al. (1995) , Schwartz and Smith (2000) and Casassus and Collin-Dufresne (2005) , among others. In effect, prices may temporarily be high or low, but will tend toward an equilibrium level. Furthermore, temporary supply and demand imbalances, changes in market expectations, or even unanticipated macroeconomic developments may cause sudden jumps in energy prices (Hilliard and Reis, 1998, Clewlow and Strickland, 2000) . Due to construction lags on the supply side, even a relatively small change in demand can, at times, cause immediate market movements of large magnitude. Yet, jumps in returns are transient and a more persistent component may be required. In fact, compared to other markets, energy price volatility is both relatively higher and more variable over time (see, e.g., Pindyck, 2004) . Trolle and Schwartz (2009) develop a stochastic volatility model for crude oil and highlight its importance in commodity derivatives pricing. Larsson and Nossman (2011) find that, in addition to stochastic volatility, jumps are essential to capture the time series properties of oil prices. Accounting for both jumps and stochastic volatility provides a reasonable characterization of energy commodity prices in that it explains the skewness and fat-tail feature of commodity return distributions. Furthermore, it gives rise to realistic implied volatility patterns for short-term options without also affecting long-term smiles.
The previous discussion encourages the empirical testing of different spot model specifications for further use as inputs in derivatives pricing and risk management, energy investment evaluation, asset allocation and planning. The aim of this paper is to conduct a comprehensive analysis of stochastic dynamic modelling of European and US petroleum commodity prices and enrich existing literature with some new insights in several applications such as futures pricing, options pricing and hedging. In terms of scope our work shares similarities with recent contributions in the finance literature focused on other markets like, for example, the equity index (see Kaeck and Alexander, 2013) , freight (see Nomikos et al., 2013) and real estate (see Fabozzi et al., 2012) markets. More specifically, we consider a seasonal mean-reverting spot price model with compound Poisson jumps and Heston-type stochastic volatility, as well as three nested models for comparison: a diffusion with stochastic volatility, a jump diffusion with constant volatility, and the classical Schwartz (1997) model with constant volatility. The Heston (1993) volatility model is both mean-reverting and positive, accounts for volatility clustering, dependence in increments and realistic implied volatility patterns. Furthermore, it allows a simple description of the correlation between the driving noises in the returns and volatility processes; in particular, positive correlation is interpreted in terms of the so-called inverse leverage effect, i.e., the observation that in commodity markets large upward price moves are associated with high volatility due to negative relationship between inventory and prices (e.g., see Pindyck, 2004 , Geman, 2005 .
The contribution of our paper is three-fold. Firstly, we derive the bivariate characteristic function of the suggested jump diffusion model with stochastic volatility by solving a system 4 of Riccati equations. We then use our results to obtain expressions for the theoretical futures prices, tackling previously noted (see Benth, 2011) mathematical challenges originated by the mean-reverting term in the price dynamics in the Heston stochastic volatility framework and rendering this useful for calibration purposes. Secondly, we fit the models to spot and futures prices of Brent crude oil and gasoil from the European market and light sweet crude oil, gasoline and heating oil from the US market. This is the first study to systematically apply a selection of stochastic models in the particular markets. We find that ignoring jumps and/or stochastic volatility leads to a less realistic description of the true data-generating process (DGP). The flexibility of the proposed general model specification is also confirmed by its ability to accurately fit the observed futures curves in the different markets. The final line of research that we contribute to in this paper relates to average (Asian) options, whose terminal payoff depends on the average level of an energy price during a pre-specified time window (e.g., see Zhang, 1995) . These options are very popular in the energy commodity markets as a means of managing price exposure and potential impact on transactions, due to the time elapsed until a tanker vessel completes its route from the production site or refinery to its destination. Using our characteristic function results we obtain closed-form solutions for geometric average options, which we then use to implement efficient Monte Carlo simulation with control variates to price the more prevalent discrete arithmetic average options.
This way we present a unified pricing framework under the four models considered, while extending earlier contributions by Kemna and Vorst (1990) and Fusai and Meucci (2008) based, respectively, on Gaussian and Lévy log-spot models to members from the more general affine class. The particular technique provides fast and accurate simulation outcome, which allows us to study the implications of the assumed spot price dynamics on the Asian option prices. In addition, we set up delta hedge portfolios for the Asian option and investigate their performance when the underlying spot price process is driven by the adopted models. We find that, for different possible representations of the true DGP, a hedge based on the jump diffusion model with stochastic volatility achieves reduced impact of model 5 misspecification on the hedging performance in all markets.
The remainder of this paper is organized as follows. In Section 2 we present our model assumptions for the dynamics of the spot energy prices. Section 3 provides a description of the data and the estimation methodology employed. Empirical results are presented in Section 4. In Section 5 we introduce our valuation framework for discrete arithmetic average options and apply in pricing and hedging. Section 6 concludes. Mathematical proofs are deferred to the appendix.
Model Specification and Properties
Let (Ω, F , P ) be a probability space equipped with filtration F := (F t ) t>0 . Define the commodity spot price process S as the sum of a predictable seasonal component and a stochastic component
The predictable component defined as
with parameters δ 0 , δ 1 , τ 1 , δ 2 , τ 2 , accounts for deterministic regularities in the spot price evolution. Geman (2005) suggests a mean-reverting model framework for commodity spot prices with stochastic volatility. We adopt the particular model specification and extend this to accommodate sudden jumps in the prices, so that the deseasonalized log-spot price X dynamics are given by
where k is the speed at which random shocks dissipate and process X reverts toward the mean level ε. The evolution of the spot price variance V is modelled by the square-root 6 diffusion as in Heston (1993) , i.e.,
with positive parameters α (speed of variance mean-reversion), β (long-run mean variance) and γ (volatility of variance). B and W are correlated standard Brownian motions (i.e., E(B t W t ) = ρt) allowing for possible inverse leverage effect, i.e., high prices associated with high volatility translating to ρ > 0. The spot price jump arrival is governed by the independent time-homogeneous compound Poisson process L with constant arrival rate of λ > 0 jumps (per unit time) of independent and identically normally distributed sizes J with E(J) =: µ J and Var(J) =: σ 2 J . Henceforth, we will be using the acronym MRJSV when referring to the model (2)-(3).
In this study we additionally consider three nested cases of the general model (2)- (3) depending on the assumptions on the spot price jumps and volatility: MRSV: diffusion model (dL t = 0 for all t) with Heston stochastic volatility.
MRJ: jump diffusion model with constant volatility √ V t = σ for all t.
MR: Schwartz dynamics with dL t = 0 and √ V t = σ for all t.
In Sections 3 and 5 we derive futures and option prices based on our proposed model framework. For this purpose, we require risk neutral dynamics for the spot price. Following
Benth (2011) we employ standard change of measure with respect to the Brownian motion driving the spot price dynamics
where h is the (constant) market price of risk. Note that one may also introduce a change of measure in the volatility dynamics; we do not consider this here but, instead, as we explain 7 in Section 3, we calibrate the stochastic volatility model to market prices of traded futures contracts. A measure-change with respect to the jump process L is also not considered.
MRJSV belongs to the class of affine-structure models (see Duffie et al., 2000 and Duffie et al., 2003) , hence the characteristic function φ V,X (t, u 1 , u 2 ) := E (exp {iu 1 V t + iu 2 X t }) has exponentially affine dependence on V and X, i.e., there exist functions ψ 0 , ψ 1 , ψ 2 :
where
and ψ 0 , ψ 1 , ψ 2 satisfy the system of Riccati equations
subject to the boundary conditions
By straightforward integration of (5) and (7) we get that
and
respectively. Solving (6) explicitly is not trivial; from Proposition 3 (see Appendix A.1), the general solution to (6) is given by (A.3)
where M is defined in (A.6) and
satisfies ψ 1 (0, u 1 , u 2 ) = iu 1 . Function ζ, which satisfies Eq. (A.1), admits the representation
where the coefficients {d j } ∞ j=1 satisfy the recursion
(Alternatively, one may consider solving (6) numerically using, e.g., Matlab built-in solvers, however, at increased computational cost.)
In the case of the one-dimensional MRJ model with constant volatility σ, the characteristic function φ X (t, u) := E e iuXt takes the simplified form
(see Cont and Tankov, 2004) , whereas in the cases of the MRSV and MR models the characteristic functions of (V, X) and X, respectively, follow directly from (4) and (9) for λ = 0. We use daily historical spot price data to estimate the seasonality function (1) for each commodity. We then employ a two-stage estimation procedure based on Clewlow and Strickland (2000) , Benth (2011) and Broadie et al. (2007) . First, using the deseasonalized log-spot price time series, we obtain parameter estimates of the MRJSV and nested MRSV, MRJ, MR models of Section 2. In the second stage, given these parameters, we use the information embedded in end-of-day futures contract quotes to estimate the volatility parameters and the market price of risk.
In more details, we define a jump as an observation in the deseasonalized log-price changes series that is greater in absolute value than a market-specific threshold given by a multiple of the sample standard deviation of the deseasonalized series (see Clewlow and Strickland, 2000) . The prices on the identified 'jump dates' are substituted by the averages of the two adjacent prices, the standard deviation of the updated series is recalculated and the same procedure is repeated until no more jumps are identified 2 . We then estimate the jump arrival rate λ by the average number of identified jumps per year; the estimates of the mean µ J and standard deviation σ J of the jump size distribution are given by the average and standard deviation of the jump returns, respectively; the log-spot price mean-reversion rate k and the long-run mean log-spot price ε are estimated using OLS regression. In order to calibrate the remaining parameters, i.e., the variance model parameters V 0 , α, β, γ, the correlation coefficient ρ and the market price of risk h, we use end-of-day futures contract quotes. This is possible given explicit expressions for the futures price F under the different model specifications.
Proposition 1
The futures price F (0, T ) at time 0 for a contract expiring at time T > 0 is given by
where .
Proof. Follows from (4) and (9).
Let F j,l be the observed futures prices at time t j of a contract maturing at T l . The theoretical futures price F θ (t j , T l ) is given in Proposition 1, where the subscript θ indicates dependence on the parameter vector θ := (V 0 , α, β, γ, ρ, h). We obtain θ by minimizing the Euclidean distance between the observed and theoretical futures prices
where m = 12 is the number of maturities and n = 1, 043 the number of days in the sample.
Empirical Results
In this section we discuss the estimation results of the four model specifications MRJSV, MRSV, MRJ and MR for each of the CB, GO, CL, HU and HO markets. We begin the analysis with the calibration results. We then test the performance of the different spot models in commodity futures pricing. By means of a simulation study, we further examine if the specified models can accurately represent the true spot price dynamics.
Model Calibration
We fit first a sinusoidal function with a trend and two terms capturing annual and semiannual seasonal cycles (see Eq. 1). Results suggest that all markets exhibit significant seasonal patterns: adjustedR 2 are 76% and 82% for the European CB and GO, and 59%, 79% and 83% for the US CL, HU and HO.
Next, we employ the estimation procedure described in Section 3. Panel A of Table 1 shows the model calibration outcome. Several remarks are in order. The mean-reversion parameter estimates imply that the expected time for the (log) spot prices to return half way toward the equilibrium level ε is 51 days (half-life k −1 ln 2), on average, for the European markets (CB and GO) and 35 days for the US markets (CL, HU and HO); inclusion of jumps in the spot price model results into increased half-lives of 55 and 44 days, respectively, as jump returns are less persistent. Jumps are infrequent events and tend to be negative. More specifically, we find that jumps in the European markets are less frequent, i.e., expected 3.2-3.4 jumps per year for GO and CB versus 4.6-5.0 for HO and CL and 7.6 for HU, and have smaller standard deviation, i.e., 6.4%-6.7% for CB and GO versus 7.7%-7.9% for CL and HO and 9.2% for HU. The relative importance of the jump component is also evident by its percentage contribution to the total variance of the fitted spot model, which lies in 12%-13% for CB and GO, 19%-21% for CL and HO, and 29% for HU.
Turning next to the volatility model parameters, in the case of the MRSV model the estimated speeds of variance mean-reversion translate to average half-lives (α −1 ln 2) of 5.2 (CB and GO) and 3.6 days (CL, HU and HO). In general, the long-run mean variance, volatility of variance and the correlation between log-prices and variance innovations are lower for the European CB and GO than for the US CL, HO and HU. It is worth pointing out that the correlation is found positive in consistency with the inverse leverage effect in energy prices, meaning that high prices are associated with high volatility, which can be attributed to the negative relationship between prices and inventory (e.g., see Pindyck, 2004 ). Incorporating price jumps (i.e., case of the MRJSV model) has a downward effect on the speed of variance mean-reversion, long-run mean variance, volatility of variance and correlation level, as the need for the variance process to create large sudden movements becomes less important.
In addition, we compute the root mean square error (RMSE) and relative RMSE (RRMSE) of the model-implied theoretical futures prices given in Proposition 1 for each model with respect to the observed futures prices: RMSE : We conclude this analysis by referring to an additional error statistic, that is, the mean
, which we compute for the entire term structure of futures prices and use to test for systematic bias. The outcome of the test suggests rejection of this hypothesis at conventional significance levels. For brevity we do not detail these results here, but we can make these available upon request.
Simulation Study: True Data-Generating Process
As a next stage in our analysis, we examine whether the proposed models can accurately represent the true price dynamics of the commodities of interest. Similarly to Kaeck and Alexander (2013) , we compare the model-implied distributions to the empirical one for each commodity in terms of a set of statistics. We employ the following test procedure: for each commodity we approximate the empirical distribution of the log-returns using stationary bootstrap and construct 90% bootstrap confidence intervals for the standard deviation, skewness, kurtosis, 1st and 99th percentiles and expected shortfalls at the 1% and 99% levels. Then, for each model, we simulate 100, 000 price paths and log-return sample statistics, and calculate the percentage number of simulated statistics of a given type falling within the corresponding bootstrap confidence interval; a value closer to 1 implies smaller discrepancy between the observed and assumed price dynamics. The model with the best relative performance in terms of given statistic type is indicated by an asterisk in Table 2 . If we take a close look at the table, we see that, although the MR model appears to be fitting well the standard deviation and the 99th percentile (65% and 89%, respectively, of the time on average across markets), it naturally does not capture the skewness and kurtosis (33% and 10%, respectively) of the empirical distribution. As a result, the left tail is missed more often in the case of MR (and MRSV but to a lesser extent). On the other hand, including jumps (i.e., case of MRJ and MRJSV models) allows for a more balanced and thus accurate fitting of the tails, adequately accounting for both the skewness and excess kurtosis commonly found in commodity log-returns. In particular, comparing model-implied standard deviation, skewness and kurtosis across the five markets for each model, we observe that MRJSV produces more realistic statistics in 10 cases out of 15 (3 statistics × 5 markets). The 1st and 99th percentiles as well as the expected shortfalls at the 1% and 99% levels of the empirical and model-implied log-return distributions are also reported suggesting overall superiority of the MRJSV model in 10 out of 20 cases.
In addition, we employ the two-sample Kolmogorov-Smirnov test with the null hypothesis stating that the observed and simulated log-return distributions are equal. To this end, for each of the simulated price paths of the competing models, we test the null hypothesis and store the p-value. Table 2 reports the percentage number of times the null hypothesis cannot be rejected at the 10% significance level. In the case of the MR model the null hypothesis cannot be rejected in 62.1% (CB), 56.5% (GO), 55.1% (CL), 35.7% (HO) and 59.7% (HU) of the simulation runs. Allowing for price jumps or stochastic volatility (i.e., MRJ or MRSV model) raises the evidence in favour of the null hypothesis, while the combined effect (i.e., case of MRJSV model) is found strongest with non-rejection in 88.4% (CB), 92.8% (GO), 82.1% (CL), 84.4% (HO) and 80.1% (HU) of the time.
Overall, we find that the MRJSV model is sufficiently rich and capable of providing a more realistic description of the true DGP, accounting for the stylized patterns of the spot prices in the petroleum markets under consideration.
Application on Discrete Arithmetic Asian Options
In what follows we investigate the impact of the proposed stochastic models in Section 2 in terms of the pricing and delta hedging of options on the discrete arithmetic average spot price, which are particularly popular in commodity markets. The need for realistic spot price models capturing the unique characteristics of energy commodities raises substantially the complexity of the option pricing problem. We solve this by means of an efficient Monte Carlo simulation approach, which we develop based on the model properties presented in Section 2. We then execute pricing and delta hedging simulation exercises based on the calibrated model parameters in Section 4.
Option Pricing
Suppose that the spot price S is monitored over the period [0, T ], T > 0, at the following equidistant dates: 0, δ, . . . , jδ, . . . , nδ = T .
The terminal payoff of the arithmetic Asian option depends on the average of the past n + 1 spot prices 1 n + 1
where f is given by (1) and
is the average deseasonalized spot price. The price of the arithmetic Asian call option with fixed strike price K reads
is the deseasonalized strike price, and r the continuously compounded risk free rate of interest. Note that the price of the put-type option can be obtained via standard put-call parity.
By analogy, the price of the Asian call option on the geometric average spot price is given
For the purposes of our analysis, we estimate the price of the arithmetic option, i.e., evaluate (11), by employing an accurate control variate Monte Carlo (CVMC) scheme with 100, 000 simulations and the geometric Asian option price (12) used as control variate. Given the exact closed-form expression for the price of the geometric option under Black-ScholesMerton model assumptions, Kemna and Vorst (1990) show that the geometric option serves as an efficient control variate in the simulation of the arithmetic option. Fusai and Meucci (2008) extend to Lévy log-spot models by adopting a Fourier transform approach, whereas in this paper we generalize to non-Lévy members of the affine class, including the MRJSV model and the nested models of Section 2. To this end, we derive first the characteristic function of the log-geometric average, φ Y n+1 (u) := E (exp{iuY n+1 }), under the given model assumptions.
Proposition 2 The characteristic function of the log-geometric average Y n+1 defined in (13) is given:
(a) under the MRJSV model dynamics by
where η n := 0, ϑ n := u/(n+1), η j := −iψ 1 (δ, η j+1 , ϑ j+1 ) and ϑ j := −iψ 2 (δ, η j+1 , ϑ j+1 )+ u/(n + 1) for 0 < j ≤ n − 1.
(b) under the MRJ model dynamics by
where η j := u n−j m=0 e −mkδ /(n + 1) for 0 < j ≤ n.
Relevant results under the MRSV and MR models follow directly by setting λ = 0.
Proof. See Appendix A.2.
Given the characteristic function of the log-geometric average, the exact price of the geometric Asian option (12) can be computed by means of the Fourier-inversion formula with respect to the log-strike priceκ := logK
where constant ξ > 0 ensures integrability inκ (see Carr and Madan, 1999) . Formula (15) can be evaluated using the (fractional) fast Fourier transform algorithm (e.g., fft or czt in Matlab, seeČerný and Kyriakou, 2011 for more details) which outputs the geometric Asian option prices on a fine, equally spaced grid of log-strike prices.
Based on the estimated model parameters (see Table 1 ) and using our results for the geometric Asian option, we implement standard CVMC setup (see Table 3 and Glasserman,
2004 for more details) to estimate the prices of at-the-money (ATM), in-the-money (ITM) and out-of-the-money (OTM) 1-month to maturity arithmetic Asian call options with daily monitoring (i.e., n = 22). In particular, the strike price is set equal to 100%, 95% and 105% of the spot price. The current spot price and variance are set equal to their long-run mean levels and the risk free interest rate is given by the average 3-month US T-bill rate throughout the sample period. Computed option prices are presented in Table 4 in monetary terms (CB -$/bbl, GO -$/mt, CL -$/bbl, HU -c$/gal, HO -c$/gal) as well as relative to the spot price and the price of the corresponding ATM option.
Results suggest that ignoring jumps and stochastic volatility leads to lower option prices.
More specifically, we find that, across all markets, MRSV and MRJSV prices are systematically higher than the corresponding MRJ prices, which, further, are higher than the MR ones.
In fact, the discrepancies between MRSV, MRJSV and MRJ prices versus MR prices are higher for in-the-money options, whereas these reduce the more out-of-the-money the option.
Our observation based on option prices under non-Lévy (i.e., dependent) log-returns adds to earlier contributions by Fusai and Meucci (2008) andČerný and Kyriakou (2011), who observe similar pattern across different level of moneyness based on option prices relying on Lévy (i.e., independent) assumptions for stock log-returns. As noted inČerný and Kyriakou (2011), such pattern is attributed to the combined kurtosis-skewness effect in a Lévy and non-Lévy, as opposed to normal, log-return distribution.
Hedge Performance Comparisons
The MRJ, MRSV and MRJSV models we have considered in this paper generally correspond to incomplete markets due to the presence of stochastic jumps and/or volatility, which introduces a hedging error in a delta hedging strategy, even in the theoretical limit of continuous rebalancing. In the case of one-factor diffusion dynamics, like MR, existence of error can be attributed to discreteness in rebalancing frequency and transactions costs. In what follows we adhere to the common market practice of delta hedging and apply to the case of Asian options. We define the hedging error as the difference between the value of the hedge port-folio and the value of a long 1-month to maturity ATM arithmetic Asian option with daily monitoring for a 1-week hedge period.
For each commodity we simulate the distribution of the hedging error when the underlying data-generating process is given by either of the MR, MRJ, MRSV and MRJSV models and (1) the hedge portfolios are formed accordingly, or (2) the hedge portfolios are misspecified, i.e., are formed based on alternative models. In fact, the second case is the most realistic one as the hedger never really knows the true DGP and, hence, develops the hedging approach based on some assumptions. The particular task allows us to investigate the sensitivity of the hedging performance to model misspecification, in other words, the impact of incorrectly specifying the underlying data-generating process and forming the hedge portfolios. In simulating the hedging error distributions, the option prices are estimated using the CVMC approach in Section 5.1, whereas the option deltas using a modified version based on straightforward application of the pathwise technique (see Glasserman, 2004 ) with the geometric Asian option delta used as control variate. In addition, CB), which is sensible given that the MRSV versus MRJSV option price differences are the smallest ones (see ATM, Table 4 ).
Summary and Conclusion
We have considered five major European and US petroleum commodity markets to study the ability of four different model specifications to realistically portray the dynamics of the data-generating process using historical spot and futures price data over the period in producing dynamics that are similar to the true price dynamics. Furthermore, using the theoretical futures prices derived for all competing models, we investigate the fit to the observed futures curves in the different markets; our error statistics point toward inclusion of price jumps, while combining with stochastic price volatility improves the fit further.
In addition, given the widespread use of Asian options in commodity markets, we provide an efficient valuation framework for the prevalent case of the arithmetic average with discrete monitoring when the underlying spot is driven by a general exponential affine model. Our findings suggest that failing to account for price jumps and stochastic volatility leads to relatively lower option premia, especially for in-the-money options. Furthermore, we execute a delta hedging exercise where we investigate the sensitivity of the hedging performance to model misspecification. An interesting conclusion from this exercise is that a misspecified hedge may perform better than a hedge formed under the supposed DGP. In fact, we find that, for different possible representations of the true DGP, the MRJSV hedge systematically achieves reduced standard deviation of hedging error in all markets, adding to our earlier conclusions in support of the MRJSV paradigm.
The implications of this research are critical for market participants, as specifying correctly the dynamic behaviour of the underlying spot price process is important for understanding and managing the risks associated with derivative securities, investment evaluation, asset allocation and planning.
Appendix A: Proofs A.1 Proof of general solution to Riccati equation (6) Proposition 3 Suppose ζ(y), y ∈ C\{0}, satisfies the equation
Then, (a) χ is a solution to (6).
(b) the general solution to (6) takes the form
where w satisfies the differential equation
Proof.
(a) From (A.2), we obtain
where the second equality follows from (A.1) and ψ 2 in the last equality is given by (8). It is implied from (A.5) that χ is a solution to (6).
(b) Suppose that χ + 1/w is an arbitrary solution to (6). Then we have
and, further, from (A.5) we get
from which (A.4) follows.
For the differential equation (A.4) with χ given in (A.2), from standard calculus theory the integrating factor is
from which we get the general solution to (A.4)
where C is the constant of integration.
A.2 Proof of Proposition 2
(a) Under the MRJSV model dynamics, we have from (4) that
and for j = n − 1, n − 2, . . . , 1
X jδ using iterated expectations and applying equalities (A.7)-(A.8), we obtain (14).
−kδ , where j = 1, . . . , n. By recursive substitution in X jδ = X (j−1)δ e −kδ + Z j and summation across all j, we get
Then,
where the last equality follows by stochastic independence of the variables {Z j } n j=1 and the characteristic function of Z j from Eq. (9). 
where F j,l is the observed futures prices at time t j of a contract maturing at T l , F θ * (t j , T l ) is the theoretical futures price given in Proposition 1 for each model under optimal parameter set θ * (see Eq. 10), m = 12 (no. of maturities) and n = 1, 043 (no. of days in sample period March 12, 2009 to March 11, 2013 . In addition, we test the null hypothesis that none of MRJ, MRSV and MRJSV models leads to reduction in futures pricing errors (RRMSE and RMSE) relative to the MR model, by employing the Hansen (2005) test and the stationary bootstrap of Politis and Romano (1994) Table entries correspond to values in the range 0 to 1: e.g., a value of 0.750 indicates that in 75% of 100,000 simulation runs, the simulated statistic has been within the bootstrap confidence interval. Abbreviations: standard deviation (std), skewness (skew), kurtosis (kurt), 1st and 99th percentiles (perc1 and perc99) and expected shortfalls at the 1% and 99% levels (ES1 and ES99). In addition, for each simulation, we employ the two-sample Kolmogorov-Smirnov (K-S) test for equality of the empirical and model-implied log-return distributions and report the percentage number of times the null hypothesis cannot be rejected at the 10% significance level. Asterisks ( * ) highlight best relative performance across models. Inputs: M; n; T ; δ ← T /n;K; r; model params.; E(G); b * CVMC simulation: 1. Generate deseas. log-spot price (& stochastic variance) sample path: 1a. Generate n indep. normal variates N 01,j ∼ N (0, 1) for j = 1, . . . , n 1b. Set
2. Generate independent compound Poisson process: 2a. Generate n indep. Poisson variates N J,j ∼Pois(λδ) for j = 1, . . . , n 2b. Generate N J,j indep. normal variates J j,i ∼ N (µ J , σ 2 J ) for i = 1, . . . , N J,j 2c. Generate N J,j indep. uniform variates U j,i ∼ Unif[0, δ] for i = 1, . . . , N J,j 3. Generate deseas. log-spot price path with jumps: This table reports the price estimates of at-the-money (ATM), in-the-money (ITM) and out-of-the-money (OTM) 1-month to maturity arithmetic Asian call options with daily monitoring, obtained by implementing the control variate Monte Carlo simulation approach in Section 5.1 (see also Table 3 ) with 100,000 simulations, for each model (MR, MRJ, MRSV, MRJSV) and market (CB, GO, CL, HU, HO). The strike price is set equal to 100%, 95% and 105% of the spot price, resp., ATM, ITM and OTM options. The current spot price and variance are set equal to their long-run mean levels. Columns 2-4 report option prices, columns 5-7 option prices relative to the spot price (%), columns 8-9 ITM and OTM option prices relative to the price of the corresponding ATM option (%).
Option prices
Relative to spot (%) 
